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TERMINAL OBJECTIVE

1.0 SOLVE problems involving probability and simple statistics.
ENABLING OBJECTIVES

1.1  STATE the definition of the following statistical terms:

a. Mean

b. Variance

C. Mean variance
1.2 CALCULATE the mathematical mean of a given set of data.
1.3 CALCULATE the mathematical mean variance of a given set of data.
1.4  Given the dataCALCULATE the probability of an event.
MA-05 Page vi Rev. 0
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TERMINAL OBJECTIVE

2.0 SOLVE for problems involving the use of complex numbers.

ENABLING OBJECTIVES

2.1  STATE the definition of an imaginary number.
2.2  STATE the definition of a complex number.

2.3 APPLY the arithmetic operations of addition, subtraction, multiplication, and
division to complex numbers.
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TERMINAL OBJECTIVE

3.0 SOLVE for the unknowns in a problem through the application of matrix mathematics.

ENABLING OBJECTIVES

3.1 DETERMINE the dimensions of a given matrix.

3.2 SOLVE a given set of equations using Cramer’s Rule.
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TERMINAL OBJECTIVE

4.0 DESCRIBE the use of differentials and integration in mathematical problems.

ENABLING OBJECTIVES

4.1  STATE the graphical definition of a derivative.

4.2  STATE the graphical definition of an integral.
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STATISTICS

This chapter will cover the basic concepts of statistics.

EO 1.1 STATE the definition of the following statistical terms:
a. Mean
b. Variance
C. Mean variance

EO 1.2 CALCULATE the mathematical mean of a given set of
data.

EO 1.3 CALCULATE the mathematical mean variance of a
given set of data.

EO 14 Given the data, CALCULATE the probability of an
event.

In almost every aspect of an operator’s work, there is a necessity for making decisions resultin
in some significant action. Many of these decisions are made through past experience with othe
similar situations. One might say the operator has developed a method of intuitive inference
unconsciously exercising some principles of probability in conjunction with statistical inference
following from observation, and arriving at decisions which have a high chance of resulting in
expected outcomes. In other words, statistics is a method or technique which will enable us t
approach a problem of determining a course of action in a systematic manner in order to reac
the desired results.

Mathematically, statistics is the collection of great masses of numerical information that is
summarized and then analyzed for the purpose of making decisions; that is, the use of pa
information is used to predict future actions. In this chapter, we will look at some of the basic
concepts and principles of statistics.

Frequency Distribution

When groups of numbers are organized, or ordered by some method, and put into tabular ¢
graphic form, the result will show the "frequency distribution” of the data.
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Example:

A test was given and the following grades were received: the number of students
receiving each grade is given in parentheses.

99(1), 98(2), 96(4), 92(7), 90(5), 88(13), 86(11), 83(7), 80(5), 78(4), 75(3), 60(1)

The data, as presented, is arranged in descending order and is referred to as an ordered
array. But, as given, it is difficult to determine any trend or other information from the
data. However, if the data is tabled and/or plotted some additional information may be
obtained. When the data is ordered as shown, a frequency distribution can be seen that
was not apparent in the previous list of grades.

Number of Frequency

Grades Occurrences Distribution
99 1 1
98 11 2
96 1111 4
92 11111 11 7
90 11111 5
88 11111 11111 111 13
86 11111 111111 11
83 11111 11 7
80 11111 5
78 1111 4
75 111 3
1 1

In summary, one method of obtaining additional information from a set of data is to determine
the frequency distribution of the data. The frequency distribution of any one data point is the
number of times that value occurs in a set of data. As will be shown later in this chapter, this
will help simplify the calculation of other statistically useful numbers from a given set of data.

The Mean

One of the most common uses of statistics is the determination of the mean value of a set of
measurements. The term "Mean" is the statistical word used to state the "average" value of a set
of data. The mean is mathematically determined in the same way as the "average" of a group
of numbers is determined.

MA-05 Page 2 Rev. 0
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The arithmetic mean of a set of N measurements XX X, ..., X, is equal to the sum of the
measurements divided by the number of data points, N. Mathematically, this is expressed by th
following equation:

—:1
X Fin

=1
where
X = the mean
n = the number of values (data)
X4 = the first data pointx, = the second data point,x.= the i" data point
X; = the " data point,x, = the first data pointx, = the second data point, etc.

The symbol Sigmay) is used to indicate summation, and 1 to n indicates that the values of
x fromi =1toi =nare added. The sum is then divided by the number of terms added,
Example:
Determine the mean of the following numbers:
57,134

Solution:

x|

i
Sl
N
X

i
ol
™M o
X

=1 i=1
where
X = the mean
n = the number of values (data) = 5

X 5, %=7,%=1,X,=3,%=4
substituting
x = (5+7+1+3+4)/5=20/5=4

4 is the mean.
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Example:
Find the mean of 67, 88, 91, 83, 79, 81, 69, and 74.
Solution:
X = EZ X
NiZ1

The sum of the scores is 632 and: 8, therefore

x - 632
8
X - 79

In many cases involving statistical analysis, literally hundreds or thousands of data points are
involved. In such large groups of data, the frequency distribution can be plotted and the
calculation of the mean can be simplified by multiplying each data point by its frequency
distribution, rather than by summing each value. This is especially true when the number of
discrete values is small, but the number of data points is large.

Therefore, in cases where there is a recurring number of data points, like taking the mean of a
set of temperature readings, it is easier to multiply each reading by its frequency of occurrence
(frequency of distribution), then adding each of the multiple terms to find the mean. This is one
application using the frequency distribution values of a given set of data.
Example:

Given the following temperature readings,

573, 573, 574, 574, 574, 574, 575, 575, 575, 575, 575, 576, 576, 576, 578

Solution:

Determine the frequency of each reading.
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STATISTICS

Temperatures
573

574
575
576

578

Frequency (f)

2

4

[

15

Frequency Distribution

(A (x)
1146

2296
2875
1728
578

8623

Then calculate the mean,

_ 2(573) + 4(574) + 5(575) + 3(576) + 1(578)

n

X = EZ X
Nic1

X

— 8623

X = — _
15

X = 574.9

Variability

We have discussed the averages and the means of sets of values. While the mean is a useful t
in describing a characteristic of a set of numbers, sometimes it is valuable to obtain informatior
about the mean. There is a second number that indicates how representative the mean is of
data. For example, in the group of numbers, 100, 5, 20, 2, the mean is 31.75.
points represent tank levels for four days, the use of the mean level, 31.75, to make a decisic
using tank usage could be misleading because none of the data points was close to the mear

15
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STATISTICS Higher Concepts of Mathematics

This spread, or distance, of each data point from the mean is calladtl@ce The variance
of each data point is calculated by:

Variance= X - X

where

each data point
mean

X
X

The variance of each data point does not provide us with any useful information. But if the
mean of the variances is calculated, a very useful number is determinednédrevariancas
the average value of the variances of a set of data. The mean variance is calculated as follows:

Mean Variance= EZ ‘xi - 7(‘
Ni=1

The mean variance, or mean deviation, can be calculated and used to make judgments by
providing information on the quality of the data. For example, if you were trying to decide
whether to buy stock, and all you knew was that this month’s average price was $10, and today’s
price is $9, you might be tempted to buy some. But, if you also knew that the mean variance
in the stock’s price over the month was $6, you would realize the stock had fluctuated widely
during the month. Therefore, the stock represented a more risky purchase than just the average
price indicated.

It can be seen that to make sound decisions using statistical data, it is important to analyze the
data thoroughly before making any decisions.

Example:
Calculate the variance and mean variance of the following set of hourly tank levels.

Assume the tank is a 100 gal. tank. Based on the mean and the mean variance, would
you expect the tank to be able to accept a 40% (40 gal.) increase in level at any time?

1:00 - 40% 6:00 - 38% 11:00- 34%
2:00 - 38% 7:00 - 34% 12:00- 30%
3:00 - 28% 8:00 - 28% 1:00 - 40%
4:00 - 28% 9:00 - 40% 2:00 - 36%
5:00 - 40% 10:00- 38%

MA-05
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Higher Concepts of Mathematics STATISTICS

Solution:
The mean is
[40(4)+38(3)+36+34(2)+30+28(3)]/14= 492/14 = 35.1

The mean variance is:

1_14(\40 351+ |38 - 35.1] + |28 - 35.1 +.]36 - 35.1)

1 578)- 412
14

From the tank mean of 35.1%, it can be seen that a 40% increase in level will statistically fit into
the tank; 35.1 + 40 <100%. But, the mean doesn't tell us if the level varies significantly over
time. Knowing the mean variance is 4.12% provides the additional information. Knowing the
mean variance also allows us to infer that the level at any given time (most likely) will not be
greater than 35.1 + 4.12 = 39.1%; and 39.1 + 40 is still less than 100%. Therefore, it is a goo
assumption that, in the near future, a 40% level increase will be accepted by the tank without an
spillage.

Normal Distribution

The concept of a normal distribution curve is used frequently in statistics. In essence, a norme
distribution curve results when a large number of random variables are observed in nature, ar
their values are plotted. While this "distribution” of values may take a variety of shapes, it is
interesting to note that a very large number of occurrences observed in nature possess
frequency distribution which is approximately bell-shaped, or in the form of a normal
distribution, as indicated in Figure 1.

Figure 1 Graph of a Normal Probability Distribution
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The significance of a normal distribution existing in a series of measurements is two fold. First,

it explains why such measurements tend to possess a normal distribution; and second, it provides
a valid basis for statistical inference. Many estimators and decision makers that are used to make
inferences about large numbers of data, are really sums or averages of those measurements.
When these measurements are taken, especially if a large number of them exist, confidence can
be gained in the values, if these values form a bell-shaped curve when plotted on a distribution
basis.

Probability

If E, is the number of heads, and, 5 the number of tails, {E, + E,) is an experimental
determination of the probability of heads resulting when a coin is flipped.

P(E) = n/N

By definition, the probability of an event must be greater than or equal to 0, and less than or
equal to I. In addition, the sum of the probabilities of all outcomes over the entire "event" must
add to equal I. For example, the probability of heads in a flip of a coin is 50%, the probability
of tails is 50%. If we assume these are the only two possible outcomes, 50% + 50%, the two
outcomes, equals 100%, or 1.

The concept of probability is used in statistics when considering the reliability of the data or the
measuring device, or in the correctness of a decision. To have confidence in the values measured
or decisions made, one must have an assurance that the probability is high of the measurement
being true, or the decision being correct.

To calculate the probability of an event, the number of successes (s), and failures (f), must be
determined. Once this is determined, the probability of the success can be calculated by:

where
s + f = n = number of tries.
Example:

Using a die, what is the probability of rolling a three on the first try?

MA-05 Page 8 Rev. 0
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Solution:
First, determine the number of possible outcomes. In this case, there are 6 possibl
outcomes. From the stated problem, the roll is a success balBiisrolled. There is
only 1 success outcome and 5 failures. Therefore,

Probability = 1/(1+5)
=1/6

In calculating probability, the probability of a series of independent events equals the product o
probability of the individual events.

Example:
Using a die, what is the probability of rolling two 3s in a row?
Solution:

From the previous example, there is a 1/6 chance of rolling a three on a single throw.
Therefore, the chance of rolling two threes is:

1/6 x 1/6 = 1/36

one in 36 tries.

Example:
An elementary game is played by rolling a die and drawing a ball from a bag containing
3 white and 7 black balls. The player wins whenever he rolls a number less than 4 anc
draws a black ball. What is the probability of winning in the first attempt?

Solution:

There are 3 successful outcomes for rolling less than a 4, (i.e. 1,2,3). The probability of
rolling a 3 orless is:

3/(3+3) = 3/6 = 1/2 or 50%.

Rev. O Page 9 MA-05
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Higher Concepts of Mathematics

The probability of drawing a black ball is:

7/(7+3) = 7/10.

Therefore, the probability of both events happening at the same time is:

7/10 x 1/2 = 7/20.

Summary

The important information in this chapter is summarized below.

Mean

Frequency Distribution

Variance

Mean Variance

Probability of Success

Statistics Summary

The sum of a group of values divided by the numbe
of values.

An arrangement of statistical data that exhibits t

frequency of the occurrence of the values of a variablg.

The difference of a data point from the mean.

The mean or average of the absolute values of e{
data point’s variance.

The chances of being successful out of a numbe
tries.

=

iIch

of

MA-05
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IMAG INARY AND COMPLEX NUMBERS

This chapter will cover the definitions and rules for the application of
imaginary and complex numbers.

EO 2.1 STATE the definition of an imaginary number.
EO 2.2 STATE the definition of a complex number.
EO 2.3 APPLY the arithmetic operations of addition, subtraction,

and multiplication, and division to complex numbers.

Imaginary and complex numbers are entirely different from any kind of number used up to thi
point. These numbers are generated when solving some quadratic and higher degree equati
Imaginary and complex numbers become important in the study of electricity; especially in th
study of alternating current circuits.

Imaginary Numbers

Imaginary numbers result when a mathematical operation yields the square root of a negati
number. For example, in solving the quadratic equatfon25 = 0, the solution yield§ = -25.

Thus, the roots of the equation are +y/-25 . The square root of (-25) is called an imaginary
number. Actually, any even root (i.e. square root, 4th root, 6th root, etc.) of a negative numbe
is called an imaginary number. All other numbers are called real numbers. The nam
“imaginary” may be somewhat misleading since imaginary numbers actually exist and can &
used in mathematical operations. They can be added, subtracted, multiplied, and divided.

Imaginary numbers are written in a form different from real numbers. Since they are radicals
they can be simplified by factoring. Thus, the imaginary num@ eq/{ﬁa@ (-D) :
which equals5y-1 . Similarlyy/ -9 equalﬁQ) (-1) , which equsg . All imaginary

numbers can be simplified in this way. They can be written as the product of a real number ar
v-1 . In order to further simplify writing imaginary numbers, the imaginary iuisitdefined as
y-1 . Thus, the imaginary numbey,-25 , Which equﬂg , Is writteniagard the

imaginary numbery -9 , which equaBy/ -1 , IS writtein 3n using imaginary numbers in
electricity, the imaginary unit is often representedjpynstead ofi, sincei is the common
notation for electrical current.

Rev. 0 Page 11 MA-05



IMAGINARY AND COMPLEX NUMBERS Higher Concepts of Mathematics

Imaginary numbers are added or subtracted by writing them using the imaginaranchithen
adding or subtracting the real number coefficients.of They are added or subtracted like

algebraic terms in which the imaginary un treated like a literal number. Thwé% g8
are added by writing them as$ &d 3 and adding them like algebraic terms. The result is 8

which equals8y/-1 or/-64 . Similarlyy 9  subtracted frow@ equalsubtracted
from 5 which equals Ror 2¢y-1 ory 4 .

Example:
Combine the following imaginary numbers:

Solution:

V6 +F6 -9 - T -
V16 +/36 - /49 - /-1 =4i +6i -7i -
= 10i - 8i

= 2i

Thus, the result is 2F 2/-1 =44

Imaginary numbers are multiplied or divided by writing them using the imaginary, anid then
multiplying or dividing them like algebraic terms. However, there are several basic relationships
which must also be used to multiply or divide imaginary numbers.

i2=()() = (/1)¢1) =-1
i® = (9)() = (-1)() = -
i*= (9(% = (-1)(-1) = +1

Using these basic relationships, for exampﬁ{g:')) W4) equa)gibwhich equals 1i6.
But, i equals -1. Thus, 1Dequals (10)(-1) which equals -10.

Any square root has two roots, i.e., a statemént 85 is a quadratic and has roots

x = 5 since +5= 25 and (-5) x (-5) = 25.

MA-05 Page 12 Rev. 0
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IMAGINARY AND COMPLEX NUMBERS

Similarly,
25 = £b5i
-4 = =x2i
and
V25 4 =210
Example 1:
Multiply ﬁand Y32 .
Solution:
W2)0/382) = (/2) (/32 i)
=y(2)(32) P
=64 (-1)
=8 (1)
=8
Example 2:
Divide /48 by {3 .
Solution:

|
|
wl | &
QI‘OO

T F L] B

Rev. 0 Page 13
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IMAGINARY AND COMPLEX NUMBERS Higher Concepts of Mathematics

Complex Numbers

Complex numbers are numbers which consist of a real part and an imaginary part. The solution
of some quadratic and higher degree equations results in complex numbers. For example, the
roots of the quadratic equatiox?, - 4x + 13 = 0, are complex numbers. Using the quadratic
formula yields two complex numbers as roots.

« - Db’ -4ac

2a
x:4i‘/16_52
2
X_4i -36
2
X=4i6|
2
X =2+ 3i

The two roots are 2 +i &nd 2 - B they are both complex numbers. 2 is the real paitand -
3i are the imaginary parts. The general form of a complex numberisi, in which 'a"
represents the real part angi"™'represents the imaginary part.

Complex numbers are added, subtracted, multiplied, and divided like algebraic binomials. Thus,
the sum of the two complex numbers, 7i+tahd 2 + 8is 9 + 8, and 7 + bminus 2 + 8 is
5 + 4. Similarly, the product of 7 +i%and 2 + 8is 14 + 31 +15° Buti® equals -1. Thus,
the product is 14 + 31+ 15(-1) which equals -1 + 81
Example 1:
Combine the following complex numbers:
4+3)+B8-2)-(7+3)=

Solution:

4+3)+(@B8-2)-7+3)=@4+8-7)+(B3-2-3)
=5-12
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Example 2:

Multiply the following complex numbers:

(3 +5)(6 - 2)=
Solution:
(3+5)6-2) =18+ 30-6i - 102
=18 + 24 - 10(-1)
=28+ 24
Example 3:
Divide (6+9) by 2.
Solution:
6 + 8i 6 8.
= _ + _|
2 2 2
=3+ 4

A difficulty occurs when dividing one complex number by another complex number. To get
around this difficulty, one must eliminate the imaginary portion of the complex number from the
denominator, when the division is written as a fraction. This is accomplished by multiplying the
numerator and denominator by tleenjugateform of the denominator. Theonjugateof a
complex number is that complex number written with the opposite sign for the imaginary part.
For example, the conjugate of 4+S 4-5.

This method is best demonstrated by example.
Example: 4+8 =+ (2-4)
Solution:

4 +8 2+ 4 :8+32i+32iz
2 - 4i 2 + 4i 4 - 162

8 + 32 + 32(-1)
4-16(-1)

-24 + 32
20
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Summary

The important information from this chapter is summartized below.

Imaginary and Complex Numbers Summary

Imaginary Number
. An Imaginary number is the square root of a negative number.
Complex Number

. A complex number is any number that contains both a real and imagingry
term.

Addition and Subtraction of Complex Numbers

. Add/subtract the real terms together, and add/subtract the imaginary tefms
of each complex number together. The result will be a complex numbégr.

Multiplication of Complex Numbers

. Treat each complex number as an algebraic term and multiply/divige
using rules of algebra. The result will be a complex number.
Division of Complex Numbers
. Put division in fraction form and multiply numerator and denominator by

the conjugate of the denominator.

Rules of the Imaginary Number

(i)() =-1
i° = (i9)() = (1)() = -i
= (%)@ = (1)(-1) = +1

. i2
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MATRICES AND DETERMINANTS

This chapter will explain the idea of matrices and determinate and the rules
needed to apply matrices in the solution of simultaneous equations.

EO 3.1 DETERMINE the dimensions of a given matrix.

EO 3.2 SOLVE a given set of equations using Cramer’s Rule.

In the real world, many times the solution to a problem containing a large number of variables
is required. In both physics and electrical circuit theory, many problems will be encountered
which contain multiple simultaneous equations with multiple unknowns. These equations can b
solved using the standard approach of eliminating the variables or by one of the other method
This can be difficult and time-consuming. To avoid this problem, and easily solve families of
equations containing multiple unknowns, a type of math was developed called Matrix theory.

Once the terminology and basic manipulations of matrices are understood, matrices can be us
to readily solve large complex systems of equations.

The Matrix

We define a matrix as any rectangular array of numbers. Examples of matrices may be forme
from the coefficients and constants of a system of linear equations: that is,

2X-4y=7
3X+y=16

can be written as follows.

& 4 7H
93 1 16Q

The numbers used in the matrix are called elements. In the example given, we have thre
columns and two rows of elements. The number of rows and columns are used to determine tt
dimensions of the matrix. In our example, the dimensions of the matrix are 2 x 3, having 2 rows
and 3 columns of elements. In general, the dimensions of a matrix whichrhawe/s andn
columns is called am x n matrix.
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MATRICES AND DETERMINANTS Higher Concepts of Mathematics

A matrix with only a single row or a single column is called either a row or a column matrix.
A matrix which has the same number of rows as columns is called a square matrix. Examples
of matrices and their dimensions are as follows:

H1 7 61
0 0= 2x3
12 4 8

n 7
H6 2 0-3x2

53 50
O

3
B2 H-3x1
1

I

U
U

We will use capital letters to describe matrices. We will also include subscripts to give the
dimensions.

H1 3 3-

Az"“%s 6 70

Two matrices are said to be equal if, and only if, they have the same dimensions, and their
corresponding elements are equal. The following are all equal matrices:

do 1
B 18 H1g o 1o
0 0= O 0= U O
2 40 02 40 46 ,0
0= 40
03 0O

Addition of Matrices

Matrices may only be added if they both have the same dimensions. To add two matrices, each
element is added to its corresponding element. The sum matrix has the same dimensions as the
two being added.
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Example:

Add matrix A to matrix B.

He 2 61 B 1 3F
A=0 O B=0 O
0-1 3 0 0 -3 6]
Solution:
H6:2 211 6:3
A+B-=0 0
-1+0 3-3 0+6
Hg 3 91
"H1o06(

Multiplication of a Scalar and a Matrix

When multiplying a matrix by a scalar (or number), we write "sc&aimes matrixA." Each
element of the matrix is multiplied by the scalar. By example:

0, .0
> 3
K-3 and A-H _H
ol 70
then
0, .0
b 3
3xA-30 H
0l 70
H2-3 33
" Hi3 73H
7 90
T H3 21(

Rev. 0 Page 19 MA-05



MATRICES AND DETERMINANTS Higher Concepts of Mathematics

Multiplication of a Matrix by a Matrix

To multiply two matrices, the first matrix must have the same number of rowsag the second
matrix has columnsn). In other wordsm of the first matrix must equat of the second matrix.
For examplea 2 x 1matrix can be multipliedya 1 x 2matrix,

Ex E Eax bx E
0 fabl-g 0
oy O gay by

or a 2 X 2 matrix can be multiplied by a 2 x 2. If anx n matrix is multiplied by am x p
matrix, then the resulting matrix is an x p matrix. For example,ifa2 x land a1l x 2 are
multiplied, the result willbe a2 x 2. Ifa 2 x 2 and a 2 x 2 are multiplied, the result will be a
2 X 2.

To multiply two matrices, the following pattern is used:

o, Ol
A=0 O B-=0 0
Oc dg ay zg

0 N

aw+by axrbz
c-a-B- WY ]

%CW+ dy cxrdz E

In general terms, a matrix C which is a product of two matrices, A and B, will have elements
given by the following.

Gy = a,by + a,b, +++ ... +aby
where

i = ith row
j = jth column

Example:

Multiply the matricesA x B.

U U N N

0l 24 B 03 50
“H3ap “Hoel
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Solution:

H(1x3)+ (2x0) (1x5):(2x6) O
0 0
A-B=0g 0
H(3x3)+ (4x0) (3x5)-(4x6) O

H310 5+12

0
O O
s .

19+0 15+24

|

It should be noted that the multiplication of matrices is not usually commutative.

The Determinant

Square matrixes have a property called a determinant. When a determinant of a matrix is writter
it is symbolized by vertical bars rather than brackets around the numbers. This differentiates th
determinant from a matrix. The determinant of a matrix is the reduction of the matrix to a single
scalar number. The determinant of a matrix is found by "expanding" the matrix. There are
several methods of "expanding” a matrix and calculating it's determinant. In this lesson, we will
only look at a method called "expansion by minors."

Before a large matrix determinant can be calculated, we must learn how to calculate the
determinant of a 2 x 2 matrix. By definition, the determinant of a 2 x 2 matrix is calculated as
follows:

ab

C

‘zad—bc
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Example: Find the determinant of A.

_ 6 2
-1 3
Solution:
A=(63) - (-1-2)
=18 - (-2)
=18+ 2
=20

To expand a matrix larger than a 2 x 2 requires that it be simplified down to several 2 x 2
matrices, which can then be solved for their determinant. It is easiest to explain the process by
example.

Given the 3 x 3matrix:

131
4 1 2
56 3

Any single row or column is picked. In this example, column one is selected. The matrix will
be expanded using the elements from the first column. Each of the elements in the selected
column will be multiplied by its minor starting with the first element in the column (1). A line

is then drawn through all the elements in the same row and column as 1. Since thisisa 3 x 3
matrix, that leaves a minor or 2 x 2 determinant. This resulting 2 x 2 determinant is called the
minor of the element in the first row first column.

T T s )
ML
a1 2
o
5] 6 3
12
w
6 3
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The minor of element 4 is:

The minor of element 5 is:

(

S
(4,1 2
B
5] 6 3
301
4
6 3

1|
4)
b
o)

(
|
|

39
12
5 3 )
309
12

The sign is positive (negative) if the sum of the row plus the column for the element is even

(odd). This pattern can be expanded or reduced to any size determinant.
negative signs are just alternated.

The positive ar
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Each minor is now multiplied by its signed element and the determinant of the resulting 2 x 2
calculated.

H1 2
0

:
1 =
6 31
0
0
Dj

1/1-3)-(-6)] =3-012--9

031
40 -4[3-3)-(1-6) - -4[9-6 - -12
06 30

53 1H

59 "H-5[3-2 (@-1) -5[6 1] -25
0l 2

Determinant = (-9) + (-12) + 25 =4
Example:
Find the determinant of the follomin3 x 3 matrix, expanding about row 1.

312
456
014
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Solution:
First (i}jffﬁj
Minor | ‘*** 5 6
4,5 6 = 3 = 3(20-6) = 3(14) = 42
I 1 4
0) 1 4
Second (ﬁjgiﬁfizﬁ]
Minor gflfﬂr*# 4 6
4,5, 6 S = 1(B6-0) = -1(186) = -16
I o 4
0 LWJ 4
Third SRR
Minor ¥***‘L4‘“ 4 5
4 5 6 - 3 = 3(4-0) = 3(4) = 12
| 0 1
0 1 L4)
Determinant = 42 + (=16) + (12) = 38

Using Matrices to Solve System of Linear Equation (Cramer’s Rule)

Matrices and their determinant can be used to solve a system of equations. This method becom
especially attractive when large numbers of unknowns are involved. But the method is still
useful in solving algebraic equations containing two and three unknowns.

In part one of this chapter, it was shown that equations could be organized such that thei
coefficients could be written as a matrix.

ax+by=c
ex+fy =g

where:
x andy are variables

a, b, e, andf are the coefficients
c andg are constants

Rev. 0 Page 25 MA-05



MATRICES AND DETERMINANTS Higher Concepts of Mathematics

The equations can be rewritten in matrix form as follows:

To solve for each variable, the matrix containing the constangp i€ substituted in place of the
column containing the coefficients of the variable that we want to solveaf@raf b,f). This
new matrix is divided by the original coefficient matrix. This process is call "Cramer’s Rule."

Example:

In the above problem to solve for

cb

ac
g
y:
ab
Example:

Solve the following two equations:

X+2y=4
_X+3y:1
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Solution:

solving eab 2 x 2 for itsdeterminant,

[4-3) - (1-2)]  12-2 10 _ >

[(1-3) - (-1-2)] 3+2

@) - (-14)] 1+4
(@3 -(12)] 3+2

-1

5

5
Y 5
x=2 and y=1

A 3 x 3 is solved by using the same logic, except each 3 x 3 must be expanded by minors t
solve for the determinant.

Example:

Given the following three equations, solve for the three unknowns.

2X+3y-2=2
X-2y+2z2=-10
X+y-2z=1
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Solution:
2 3 -1
-10 -2 2
1 1 -2
X =
2 3 -1
1 -2 2
3 1 -2
2 2 -1
1 -10 2
3 1 -2
y=
2 3 -1
1 -2 2
3 1 -2
2 3 2
1 -2 -10
3 1 1
7=
2 3 -1
1 -2 2
3 1 -2

Expanding the top matrix fox using the elements in the bottom row gives:

43 10 H2 1H 42 3H
10 o+ (-1 g o+ (-2) O 0=
0-2 2 0-10 2 0-10 -2

1(6 - 2) + (-1) (4 - 10) + (-2) (-4 + 30) =
4+6 52= 42
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Expanding the bottom matrix for using the elements in the first column gives:

42 2 H3 1H Hs 1f
20 O+ (-1 g O+ 30 0=
01 -2 0l -2 0-2 20
2(4-2)+ (-1)(-6+1)+3(6-2)-
4 +5+12-=21
This gives:
:742:,
21

y andz can be expanded using the same method.

y 1
z =-3

Summary

The use of matrices and determinants is summarized below.

Matrices and Determinant Summary

The dimensions of a matrix are given @sx n, wherem = number of rows and
n = number of columns.

The use of determinants and matrices to solve linear equations is done by:

. placing the coefficients and constants into a determinant format.

. substituting the constants in place of the coefficients of the variable to pe
solved for.

. dividing the new-formed substituted determinant by the origingl

determinant of coefficients.

. expanding the determinant.
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CALCULUS

Many practical problems can be solved using arithmetic and algebra; however,
many other practical problems involve quantities that cannot be adequately
described using numbers which have fixed values.

EO 4.1 STATE the graphical definition of a derivative.

EO 4.2 STATE the graphical definition of an integral.

Dynamic Systems

Arithmetic involves numbers that have fixed values. Algebra involves both literal and arithmetic
numbers. Although the literal numbers in algebraic problems can change value from one
calculation to the next, they also have fixed values in a given calculation. When a weight is
dropped and allowed to fall freely, its velocity changes continually. The electric current in an
alternating current circuit changes continually. Both of these quantities have a different value
at successive instants of time. Physical systems that involve quantities that change continually
are called dynamic systems. The solution of problems involving dynamic systems often involves
mathematical techniques different from those described in arithmetic and algebra. Calculus
involves all the same mathematical techniques involved in arithmetic and algebra, such as
addition, subtraction, multiplication, division, equations, and functions, but it also involves several
other techniques. These techniques are not difficult to understand because they can be developed
using familiar physical systems, but they do involve new ideas and terminology.

There are many dynamic systems encountered in nuclear facility work. The decay of radioactive
materials, the startup of a reactor, and a power change on a turbine generator all involve
guantities which change continually. An analysis of these dynamic systems involves calculus.
Although the operation of a nuclear facility does not require a detailed understanding of calculus,
it is most helpful to understand certain of the basic ideas and terminology involved. These ideas
and terminology are encountered frequently, and a brief introduction to the basic ideas and
terminology of the mathematics of dynamic systems is discussed in this chapter.

Differentials and Derivatives

One of the most commonly encountered applications of the mathematics of dynamic systems
involves the relationship between position and time for a moving object. Figure 2 represents an
object moving in a straight line from positid? to positionP,. The distance t®, from a fixed
reference point, point 0, along the line of travel is represente& byhe distance td®, from

point O byS.,.
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Figure 2 Motion Between Two Points

If the time recorded by a clock, when the object is at positms t;, and if the time when the
object is at positiorP, is t,, then the average velocity of the object between pditand P,
equals the distance traveled, divided by the elapsed time.

252781

av
tz B t1

(5-1)

If positions P, and P, are close together, the distance traveled and the elapsed time are small
The symbolA, the Greek letter delta, is used to denote changes in quantities. Thus, the averag
velocity when position$; andP, are close together is often written using deltas.

AsS S-S (5-2)
av E _ tl

Although the average velocity i
often an important quantity, in
many cases it is necessary to know
the velocity at a given instant of
time. This velocity, called the
instantaneous velocity, is not the
same as the average velocity
unless the velocity is not changing
with time.

S3
Sq

Sh

displacement

Using the graph of displacement,
S versus timef, in Figure 3, we

will try to describe the concept of
the derivative. Figure 3 Displacement Versus Time
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» T

Using equation 5-1 we find the average velocity frémo S, is If we connect the

2 1
points S, andS, by a straight line we see it does not accurately reflect the slope of the curved

line through all the points betwee$) andS,. Similarly, if we look at the average velocity
between timd, andt; (a smaller period of time), we see the straight line conne&jrands,
more closely follows the curved line. Assuming the time betwgandt, is less than between
t, andt,, the straight line connectirgy andS, very closely approximates the curved line between
S; ands,.

As we further decrease the time interval between successive points, the expnAegsion more
At
closely approximates the slope of the displacement curve.A#As- 0, % approaches the

instantaneous velocity. The expression for the derivative (in this case the slope of the

ds _lim AS

displacement curve) can be writter- — In words, this expression would be
dt At -0 At

"the derivative ofS with respect to time (t) is the limit o% 2% approache$.”

ds lim As
o At-0 Ag (5-3)
The symbolsis anddt are not products af ands, or ofd andt, as in algebra. Each represents
a single quantity. They are pronounced "dee-ess" and "dee-tee,” respectively. These
expressions and the quantities they represent are called differentials.dgisuse differential
of s anddt is the differential ot. These expressions represent incremental changes, daere
represents an incremental change in distaneaddt represents an incremental change in time
t.

The combined expressiats/dtis called a derivative; it is the derivative ®fvith respect to

t. It is read as "dee-ess dee-teelZ/dx is the derivative ot with respect to; it is read as
"dee-zee dee-ex." In simplest terms, a derivative expresses the rate of change of one quantity
with respect to another. Thuds/dtis the rate of change of distance with respect to time.
Referring to figure 3, the derivativés/dt is the instantaneous velocity at any chosen point
along the curve. This value of instantaneous velocity is numerically equal to the slope of the
curve at that chosen point.

While the equation for instantaneous velocity, = ds/dt may seem like a complicated
expression, it is a familiar relationship. Instantaneous velocity is precisely the value given by
the speedometer of a moving car. Thus, the speedometer gives the value of the rate of change
of distance with respect to time; it gives the derivative wfith respect td; i.e. it gives the

value ofds/dt
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The ideas of differentials and derivatives are fundamental to the application of mathematics to
dynamic systems. They are used not only to express relationships among distance travelec
elapsed time and velocity, but also to express relationships among many different physical
guantities. One of the most important parts of understanding these ideas is having a physica
interpretation of their meaning. For example, when a relationship is written using a differential

or a derivative, the physical meaning in terms of incremental changes or rates of change shoul

be readily understood.

When expressions are written using deltas, they can be understood in terms of changes. Thu:
the expressioAT, whereT is the symbol for temperature, represents a change in temperature.

As previously discussed, a lower case delfas used to represent very small changes. Thus,

dT represents a very small change in temperature. The fractional change in a physical quantity

is the change divided by the value of the quantity. Thdsjs an incremental change in

temperature, andT/T is a fractional change in temperature. When expressions are written as

derivatives, they can be understood in terms of rates of change. dihdsjs the rate of
change of temperature with respect to time.

Examples:

1.

Interpret the expressioAV/V, and write it in terms of a
differential. AV/V expresses the fractional change of velocity.
It is the change in velocity divided by the velocity. It can be
written as a differential whedV is taken as an incremental
change.

AV , dv
—— may be written as—
\Y \Y

Give the physical interpretation of the following equation relating
the work W done when a forcé& moves a body through a
distancex.

dwW = Fdx

This equation includes the differentialg/ anddx which can be
interpreted in terms of incremental changes. The incremental
amount of work done equals the force applied multiplied by the
incremental distance moved.

Rev. 0

Page 33

MA-05



CALCULUS Higher Concepts of Mathematics

3. Give the physical interpretation of the following equation relating
the force,F, applied to an object, its mass, its instantaneous
velocity v and timet.

F:mﬂ/
dt

This equation includes the derivatiwv/dt the derivative of the
velocity with respect to time. It is the rate of change of velocity
with respect to time. The force applied to an object equals the
mass of the object multiplied by the rate of change of velocity with
respect to time.

4, Give the physical interpretation of the following equation relating
the acceleratiom, the velocityv, and the timet.

a-
dt

This equation includes the derivatiwi/dt the derivative of the
velocity with respect to time. It is a rate of change. The
acceleration equals the rate of change of velocity with respect to
time.

Graphical Understanding of Derivatives

A function expresses a relationship between two or more variables. For example, the distance
traveled by a moving body is a function of the body’s velocity and the elapsed time. When a
functional relationship is presented in graphical form, an important understanding of the meaning
of derivatives can be developed.

Figure 4 is a graph of the distance traveled by an object as a function of the elapsed time. The
functional relationship shown is given by the following equation:

s= 4k (5-4)
The instantaneous velocity, which is the velocity at a given instant of time, equals the

derivative of the distance traveled with respect to tiel&dt It is the rate of change of with
respect ta.
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The value of the derivatives/dtfor the case
plotted in Figure 4 can be understood by 240 [
considering small changes in the two variables
s andt. 200 -
As _ (s+ As) - s 2*5? 160
A (L A -t =
& 120 [
The values of + As) andsin terms of ( + | S
At) and t, using Equation 5-4 can now be 2
substituted into this expression. At tinhes 80
= 4Qt; at timet + At, s + As = 40( + At).
40
As 40t + At) - 40t | | | | | |
— = 0
At (t + At) -t 1 2 3 4 5 6
As A0t + 40(A) - AOK Time (seconds)

At t+ At -t
Figure 4 Graph of Distance vs. Time
As _ 40)
At At
Bs _ 4o
At

The value of the derivativds/dtin the case plotted in Figure 4 is a constant. It equals 40 ft/s.
In the discussion of graphing, the slope of a straight line on a graph was defined as the chanc
iny, Ay, divided by the change ir, Ax. The slope of the line in Figure 4 &8s/At which, in this

case, is the value of the derivatigs/dt Thus, derivatives of functions can be interpreted in
terms of the slope of the graphical plot of the function. Since the velocity equals the derivative
of the distances with respect to time, ds/dt{ and since this derivative equals the slope of the plot
of distance versus time, the velocity can be visualized as the slope of the graphical plot o
distance versus time.

For the case shown in Figure 4, the velocity is constant. Figure 5 is another graph of the

distance traveled by an object as a function of the elapsed time. In this case the velocity is nc
constant. The functional relationship shown is given by the following equation:

s =108 (5-5)
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The instantaneous velocity again equals the

value of the derivativels/dt This value is S=10t?
changing with time. However, the 1004
instantaneous velocity at any specified time 28' ————————————————
can be determined. First, small changes in, ;7
s andt are considered. <% 60l

S o

ww 501

a

N+ — — =2

As  (s+ D9 - s 1 B |
At AN -t 201 |
0L ____ |
The values of ¢ + As) ands in terms of | |
(t + At) andt using Equation 5-5, can then ! 2
be substituted into this expression. At timg Time
t, s= 103 at timet + At, s + As = 10¢ + (Seconds)

At)?2.  The value of { + At)? equalst® +
2t(At) + (A% however, for incremental
values ofAt, the term Qt)? is so small, it
can be neglected. Thust ¢ At)? = t? +
2t(At).

Figure 5 Graph of Distance vs. Time

As  10[t2 + 2t(At)] - 102

At (t + AY) - t

As 102 + 20i(AY)] - 10t

At t+ At -t

AS:ZOt

E c\‘m

The value of the derivativels/dtin the case | ¥ + 9 5
plotted in Figure 5 equals 20 Thus, at time
t = 1 s, the instantaneous velocity equals 20 b
ft/s; at timet = 2 s, the velocity equals 40 Y Ax
ft/s, and so on.

When the graph of a function is not a straight A
line, the slope of the plot is different al
different points. The slope of a curve at any
point is defined as the slope of a line drawn o
tangent to the curve at that point. Figure 6
shows a line drawn tangent to a curve. A
tangent line is a line that touches the curve at
only one point. The linéB is tangent to the

X x + dx

Figure 6 Slope of a Curve
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curvey = f(x) at pointP.

The tangent line has the slope of the cudygdx where 0 is the angle between the tangent line
AB and a line parallel to the x-axis. But, té#halso equalf\y/Ax for the tangent linéAB, and
Ay/Ax is the slope of the line. Thus, the slope of a curve at any point equals the slope of the line
drawn tangent to the curve at that point. This slope, in turn, equals the derivativevibt
respect tax, dy/dx evaluated at the same point.

These applications suggest that a derivative can be visualized as the slope of a graphical plc
A derivative represents the rate of change of one quantity with respect to another. When th
relationship between these two quantities is presented in graphical form, this rate of chang
equals the slope of the resulting plot.

The mathematics of dynamic systems involves many different operations with the derivatives o
functions. In practice, derivatives of functions are not determined by plotting the functions and
finding the slopes of tangent lines. Although this approach could be used, techniques have bes
developed that permit derivatives of functions to be determined directly based on the form of the
functions. For example, the derivative of the functigx) = c, wherec is a constant, is zero.

The graph of a constant function is a horizontal line, and the slope of a horizontal line is zero.

f(x) = ¢

dIf] _ (5-6)
dx

The derivative of the functiof(x) = ax + ¢ (compare to slopen from general form of linear
equation, y =mx + b), wherea andc are constants, ia. The graph of such a function is a
straight line having a slope equal #

f(x) =ax+c

dIf] _ (57)
dx

The derivative of the functiof(ix) = ax', wherea andn are constants, iax"".

f(x) = ax’

dlf] _ et (5-8)
dx

The derivative of the functiof(x) = a€”, wherea andb are constants anglis the base of natural
logarithms, isabé”.
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f(x) = ae™

dlfed] _ e (5-9)
dx

These general techniques for finding the derivatives of functions are important for those who
perform detailed mathematical calculations for dynamic systems. For example, the designers of
nuclear facility systems need an understanding of these techniques, because these techniques are
not encountered in the day-to-day operation of a nuclear facility. As a result, the operators of
these facilities should understand what derivatives are in terms of a rate of change and a slope
of a graph, but they will not normally be required to find the derivatives of functions.

The notationd[f(x)]/dx is the common way to indicate the derivative of a function. In some

applications, the notatiofi(x) is used. In other applications, the so-called dot notation is used
to indicate the derivative of a function with respect to time. For example, the derivative of the

amount of heat transferred, Q, with respect to tid@/dt is often written a<)

It is also of interest to note that many detailed calculations for dynamic systems involve not only
one derivative of a function, but several successive derivatives. The second derivative of a
function is the derivative of its derivative; the third derivative is the derivative of the second
derivative, and so on. For example, velocity is the first derivative of distance traveled with
respect to timey = ds/dt acceleration is the derivative of velocity with respect to tirredv/dt

Thus, acceleration is the second derivative of distance traveled with respect to time. This is
written asd’s/dt>. The notatiord?[f(x)]/dx? is the common way to indicate the second derivative

of a function. In some applications, the notatiiix) is used. The notation for third, fourth,
and higher order derivatives follows this same format. Dot notation can also be used for higher
order derivatives with respect to time. Two dots indicates the second derivative, three dots the
third derivative, and so on.

Application of Derivatives to Physical Sygems

There are many different problems involving dynamic physical systems that are most readily
solved using derivatives. One of the best illustrations of the application of derivatives are
problems involving related rates of change. When two quantities are related by some known
physical relationship, their rates of change with respect to a third quantity are also related. For

example, the area of a circle is related to its radius by the forAutarr? . If for some reason
the size of a circle is changing in time, the rate of change of its area, with respect to time for
example, is also related to the rate of change of its radius with respect to time. Although these
applications involve finding the derivative of function, they illustrate why derivatives are needed
to solve certain problems involving dynamic systems.

MA-05 Page 38 Rev. 0



Higher Concepts of Mathematics CALCULUS

Example 1:

A stone is dropped into a quiet lake, and waves move in circles outward from the
location of the splash at a constant velocity of 0.5 feet per second. Determine the
rate at which the area of the circle is increasing when the radius is 4 feet.

Solution:
Using the formula for the area of a circle,
A =1
take the derivative of both sides of this equation with respect tottime

dA dr
=21 —
dt dt

But, dr/dt is the velocity of the circle moving outward which equals 0.5 ft/s and

dA/dt is the rate at which the area is increasing, which is the quantity to be
determined. Seat equal to 4 feet, substitute the known values into the equation,
and solve fordA/dt

dA dr
=21 —
dt dt
%\ = (2)(3.1416) (4 ftf0.5 ft/y
d_A =12.6 ft/s
dt
Thus, at a radius of 4 feet, the area is increasing at a rate of 12.6 square feet per
second.
Example 2:

A ladder 26 feet long is leaning against a wall. The ladder starts to move such
that the bottom end moves away from the wall at a constant velocity of 2 feet per
second. What is the downward velocity of the top end of the ladder when the
bottom end is 10 feet from the wall?

Solution:

Start with the Pythagorean Theorem for a right triang#:= ¢* - b?

Rev. 0 Page 39 MA-05



CALCULUS Higher Concepts of Mathematics

Take the derivative of both sides of this equation with respect to
timet. Thec, representing the length of the ladder, is a constant.

ZaQJl = —Zb@
dt dt

ad_a = —bﬂ)
dt dt

But, db/dtis the velocity at which the bottom end of the ladder is
moving away from the wall, equal to 2 ft/s, add/dt is the
downward velocity of the top end of the ladder along the wall,
which is the quantity to be determined. $eequal to 10 feet,
substitute the known values into the equation, and solve. for

@ =c -b?
8-y

a =4/(26 fty - (10 fty?

a =676 f£ - 100 ff

a =576 ft

a=24ft
ad_a = —bﬂ)
dt dt
da _ _bdb
dt a dt
da_ 101 tys)
dt 24 ft
% = -0.833 ft/s
dt

Thus, when the bottom of the ladder is 10 feet from the wall and moving at
2ft/sec., the top of the ladder is moving downward at 0.833 ft/s. (The negative
sign indicates the downward direction.)
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Integrals and Sunmations in Physical Sydems

Differentials and derivatives arose in physical systems when small changes in one quantity we
considered. For example, the relationship between position and time for a moving object led
the definition of the instantaneous velocity, as the derivative of the distance traveled with respe
to time, ds/dt In many physical systems, rates of change are measured directly. Solving
problems, when this is the case, involves another aspect of the mathematics of dynamic syster
namely integral and summations.

Figure 7 is a graph of the instantaneous velocity of an object as a function of elapsed time. Th
is the type of graph which could be generated if the reading of the speedometer of a car we
recorded as a function of time.

At any given instant of time, the velocity
of the object can be determined by
referring to Figure 7. However, if thg
distance traveled in a certain interval qgf v
time is to be determined, some new A
techniques must be used. Consider the
velocity versus time curve of Figure 7|
Let's consider the velocity change
between timest, and t;. The first

approach is to divide the time interval intp

three short intervalgAt ,At,,At)) , and tq

assume that the velocity is constant during 1 2 3
each of these intervals. During timg

Velocity

[%2)

A1
—
.

interval At,, the velocity is assumed ! ’
constant at an average velocity guring Time

the intervalAt,, the velocity is assume

constant at an average velocity during Figure 7 Graph of Velocity vs. Time

time intervalAt,, the velocity is assumed

constant at an average velocity Then

the total distance traveled is approximately the sum of the products of the velocity and th
elapsed time over each of the three intervals. Equation 5-10 approximates the distance trave
during the time interval fromy, to t, and represents the approximate area under the velocity curve
during this same time interval.

s = v,At; + VAL, + VAL (5-10)
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This type of expression is called a summation. A summation indicates the sum of a series of
similar quantities. The upper case Greek letter Sigma, , is used to indicate a summation.
Generalized subscripts are used to simplify writing summations. For example, the summation
given in Equation 5-10 would be written in the following manner:

3
S-Y vAt (5-11)
i-1

The number below the summation sign indicates the valué iaf the first term of the
summation; the number above the summation sign indicates the valiretbé last term of the
summation.

The summation that results from dividing the time interval into three smaller intervals, as shown
in Figure 7, only approximates the distance traveled. However, if the time interval is divided
into incremental intervals, an exact answer can be obtained. When this is done, the distance
traveled would be written as a summation with an indefinite number of terms.

0]
S=Y vAt (5-12)
i=1

This expression defines an integral. The symbol for an integral is an elongated "s" . Using
an integral, Equation 5-12 would be written in the following manner:

t

B
S = j v dt (5-13)
tA
This expression is read &sequals the integral of dtfromt =t, tot =t;. The numbers below
and above the integral sign are the limits of the integral. The limits of an integral indicate the
values at which the summation process, indicated by the integral, begins and ends.

As with differentials and derivatives, one of the most important parts of understanding integrals

is having a physical interpretation of their meaning. For example, when a relationship is written

as an integral, the physical meaning, in terms of a summation, should be readily understood.
In the previous example, the distance traveled betwgeandt, was approximated by equation

5-10. Equation 5-13 represents the exact distance traveled and also represents the exact area
under the curve on figure 7 betwegnandt;.

Examples:
1. Give the physical interpretation of the following equation relating
the work,W, done when a forcd;, moves a body from position
X; 10 X,.
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X,

W:j F dx

Xl
The physical meaning of this equation can be stated in terms of a
summation. The total amount of work done equals the integral of
F dx from x = x; to x = x,. This can be visualized as taking the
product of the instantaneous forée,and the incremental change
in positiondx at each point between andx,, and summing all
of these products.

2. Give the physical interpretation of the following equation relating
the amount of radioactive material present as a function of the
elapsed timet, and the decay constait,

1

aN _
N

0

At

Z— Z

The physical meaning of this equation can be stated in terms of a
summation. The negative of the product of the decay conatant,
and the elapsed timg, equals the integral afN/N from N = N,

to n = n,. This integral can be visualized as taking the quotient
of the incremental change M, divided by the value afl at each
point betweerN, andN,, and summing all of these quotients.

Graphical Understanding of Integral

As with derivatives, when a functional relationship is presented in graphical form, an important
understanding of the meaning of integral can be developed.

Figure 8 is a plot of the instantaneous velooityof an object as a function of elapsed time,
The functional relationship shown is given by the following equation:

V=6 (5-14)

The distance traveled, between times, andt; equals the integral of the velocity, v, with
respect to time between the limtisandt;.

tB
s=j v dt (5-15)
tA
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The value of this integral can be determined fpr

the case plotted in Figure 8 by noting that the 36
velocity is increasing linearly. Thus, the average

velocity for the time interval betweep andt; is Or
the arithmetic average of the velocity tatand »

the velocity at;. Attimet,, v = &,; at timetg,
v = 6t;. Thus, the average velocity for the tim

, . Bt + 6t
interval betweent, andt; is —~————

2
equals 3, +tz). Using this average velocity, the B
total distance traveled in the time interval 6 L ; X
betweent, andt; is the product of the elapsed A\ 8
time t; - t, and the average velocity 0 ‘ zk e R

1

18 L
which

D
Velocity (ft/s)

3(ts + tg).
Time (s)
s = v, At
s = 3(t, + tz)(ts - t,) (5-16) Figure 8 Graph of Velocity vs. Time

Equation 5-16 is also the value of the integral of the veloejtwith respect to timd, between
the limitst, -t; for the case plotted in Figure 8.

t

B

[ vt =36, + ) -t
f

A

The cross-hatched area in Figure 8 is the area under the velocity curve betwgesndt =

t;. The value of this area can be computed by adding the area of the rectangle whose sides are
ty - t, and the velocity at,, which equals § - t;, and the area of the triangle whose bagsg is

t, and whose height is the difference between the velocity atd the velocity at,, which

equals & - t,.

1
Area = [(t, -t,)(6t)] + E(tB -t,)(6t -6t)
Area = 6t,t, - 6, + 3t - 6t,t, + 3t

Area = 3t - 3t;

Area = 3(t, +t,)(t; - t,)
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This is exactly equal to the value of the integral of the velocity with respect to time between
the limitst, andt;. Since the distance traveled equals the integral of the velocity with respect
to time,Jvdt, and since this integral equals the area under the curve of velocity versus time, the
distance traveled can be visualized as the area under the curve of velocity versus time.

For the case shown in Figure 8, the velocity is increasing at a constant rate. When the plot c
a function is not a straight line, the area under the curve is more difficult to determine.
However, it can be shown that the integral of a function equals the area between the x-axis ar
the graphical plot of the function.

X

2
j f(x)dx = Area betweeri(x) and x-axis fromx, to x,
X

1

The mathematics of dynamic systems involves many different operations with the integral of
functions. As with derivatives, in practice, the integral of functions are not determined by
plotting the functions and measuring the area under the curves. Although this approach coul
be used, techniques have been developed which permit integral of functions to be determine
directly based on the form of the functions. Actually, the technique for taking an integral is the
reverse of taking a derivative. For example, the derivative of the furf¢iips ax + c, where

a andc are constants, i@ The integral of the functiof(x) = a, wherea is a constant, iax +

¢, wherea andc are constants.

f(x) =a

j f(x)dx =ax +c¢ (5-17)

The integral of the functiof(x) = ax", wherea andn are constants, isi1 X" +c , where
n +
c is another constant.

f(x) = ax”

j f(x)dx = & xtag (5-18)
n+1

The integral of the functiof(x) = a€™, wherea andb are constants arglis the base of natural

ae~

logarithms, is + ¢ , where is another constant.
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f(x) = ae™

j f(x)dx = %ebx rc (5-19)

As with the techniques for finding the derivatives of functions, these general techniques for
finding the integral of functions are primarily important only to those who perform detailed
mathematical calculations for dynamic systems. These techniques are not encountered in the
day-to-day operation of a nuclear facility. However, it is worthwhile to understand that taking
an integral is the reverse of taking a derivative. It is important to understand what integral and
derivatives are in terms of summations and areas under graphical plot, rates of change, and
slopes of graphical plots.

Sunmary

The important information covered in this chapter is summarized below.

Dernvatives and Differentials Summary

. The derivative of a function is defined as the rate of change of one quanfity
with respect to another, which is the slope of the function.

. The integral of a function is defined as the area under the curve.
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